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Abstract

This paper presents a Singly Diagonally Implicit Block Backward Differentiation Formula of
order two for the numerical solution of stiff ordinary differential equations arising in diabetes
mellitusmodels. The proposedmethod is formulated as a two–step block scheme that computes
approximations at two consecutive time levels simultaneously. Its singly diagonally implicit
coefficient structure enables sequential solution of the block equations, significantly reducing
computational cost per time step while preserving strong stability properties for stiff systems.
The performance of the proposed method is investigated using several diabetes models, includ-
ing models with available analytical solutions. Numerical experiments demonstrate improved
accuracy compared with the conventional block backward differentiation formula method and
stable, non-oscillatory behavior across a range of stiff parameter regimes. A stability analysis
based on the linear test equation confirms that the proposed method is both A–stable and L–
stable, ensuring effective damping of rapidly decaying components. These results show that the
proposed method is suitable for the efficient and stable numerical simulation of stiff diabetes
models.

Keywords: block backwarddifferentiation formula; dynamicsmodels of diabetesmellitus; singly
diagonally implicit.

https://mjms.upm.edu.my
https://orcid.org/0000-0003-2134-1050
https://orcid.org/0009-0007-5904-6854
https://orcid.org/0000-0003-1597-3895


N. S. Sunwandi et al. Malaysian J. Math. Sci. 20(3): 1137–1164(2026) 1137 - 1164

1 Introduction

Recent advances in numerical analysis have highlighted the importance of stability–preserving
and efficient numerical schemes for solving nonlinear biological models governed by differential
equations. Arif et al. [6] and Ejaz et al. [12] investigated the stability of predator–prey systems
with disease dynamics, demonstrating that such models exhibit multiscale behaviour. Arif et al.
[7] extended this work to fractional–order systems and showed that stiffness arises due to mem-
ory effects and varying time scales. In addition, Arif et al. [8] explored neural network–based
approaches for analyzing multi–species systems, further emphasizing the need for robust numer-
ical solvers for complex biological dynamics. Collectively, these works motivate the development
of stable and efficient numerical solvers for stiff biological models, including those arising in dia-
betes dynamics.

Mathematical modelling has become an indispensable tool in the study and management of
diabetes mellitus, providing a framework for understanding the intricate dynamics of glucose–
insulin regulation [15]. These models often take the form of initial value problems (IVPs), where
the goal is to find the solution to ordinary differential equations (ODEs) given specific initial con-
ditions [4]. As noted by Butcher in [10], IVPs are used extensively in science and engineering to
model real–world situations such as population growth, motion and the spread of diseases like
influenza, malaria and dengue fever.

The increasing prevalence of diabetes mellitus underscores the urgent need for accurate and
efficient computational methods to simulate these models. Traditional models of insulin–glucose
dynamics have been rooted in physiological principles [24]. However, clinical data is often sparse,
which constrains the complexity of the models. The exploration of chaotic behaviour in metabolic
systems, particularly in the context of diabetes, is crucial for a deeper understanding of the disease,
interactions between glucose and insulin, and possible cures [15]. The genesis of diabetes melli-
tus is multifaceted, involving various factors that contribute to abnormalities in insulin secretion
and function. A mathematical model incorporating time delay has been proposed to describe all
glucose–insulin interactions. Such models serve as valuable tools for researchers and clinicians,
enabling them to explore different aspects of the disease, test hypotheses and develop strategies
for intervention and prevention [5].

The application of numerical methods to these models allows for the simulation of diabetes
progression and the evaluation of different treatment strategies [5]. The development of auto-
mated insulin–delivery systems relies heavily on mathematical modelling to enhance glycemic
control [30]. These models often manifest as systems of ODEs that capture the dynamic interplay
between glucose and insulin levels [29]. Models are simplified representations of physiological
systems, with the ideal model balancing realism, interpretability and practical application [23].
These models can range from simple linear representations to complex nonlinear systems, each
with its own strengths and limitations [25]. It has been shown that such models can determine
the nature of a disease and whether it will spread or be eradicated [13].

The simulation of diabetesmodels often requires the use of numerical methods to approximate
the solutions of these differential equations [11]. The accuracy and efficiency of these numerical
methods are crucial for obtaining reliable results andmaking informed decisions. Implicit numer-
ical methods have been widely used to address stiffness in ODE systems. Lambert [21] defined
stiffness in terms of eigenvalue distributions, highlighting the need formethods that remain stable
for large step sizes. Among these, the backward differentiation formula (BDF) has proven par-
ticularly effective for stiff systems. However, classical BDF methods require solving fully coupled
nonlinear systems, leading to high computational cost.
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To improve efficiency, block backward differentiation formula (BBDF) methods have been de-
veloped to compute multiple solution points simultaneously. Akinfenwa et al. [1] introduced
continuous BBDF methods to enhance accuracy for stiff ODEs. Ibrahim et al. [17] analyzed the
efficiency of block methods and demonstrated their advantages over existing BBDF methods of
the same order. Noor et al. [26] further extended the framework in [18] and [31] by develop-
ing a fractional BBDF that improves stability and accuracy for stiff systems. Subsequent work
[28] proposed an optimized block method based on collocation and interpolation techniques and
demonstrated its applicability to highly stiff systems. These studies collectively show that block
methods can significantly reduce computational effort while maintaining stability.

Recent advancements in mathematical modelling have uncovered a growing number of sys-
tems exhibiting stiffness, a phenomenon that challenges the effectiveness of traditional numerical
methods [19]. Stiffness occurs in a system when there are widely varying time scales, necessi-
tating extremely small time steps to ensure both stability and accuracy. Stiffness is most com-
monly characterized using the eigenvalues of the Jacobian matrix. As defined in [21], an IVP for

a first–order ODE is considered stiff if the eigenvalues, λi of
∂f

∂y
satisfy the conditions Re(λi) < 0

and max
i

|Re(λi)| ≫ min
i

|Re(λi)|, resulting in a stiffness ratio
max

i
|Re(λi)|

min
i

|Re(λi)|
> 1. The concept of

A−stability was introduced to address the challenges posed by stiffness in the numerical solution
of IVPs. For stiffODEs, it is essential to design accurate algorithmswith strong stability properties,
as stability is known to be a significant limitation of block methods [17].

One approach to improving the efficiency of implicit methods, particularly with respect to re-
ducing computational cost and simplifying implementation, is to introduce a diagonally implicit
structure. In this structure, the coefficient matrix is arranged in a form that allows for easier in-
version. Diagonally Implicit Runge–Kutta (DIRK) methods are a class of implicit methods that
exhibit this property, offering a practical balance between numerical stability and computational
efficiency [20][22]. A singly diagonally implicit BBDF further enhances this approach by reducing
a fully implicit system to a lower triangular matrix with identical diagonal elements. This configu-
ration requires only one evaluation of the Jacobian and a single lower-upper (LU) decomposition
per time step [3], thereby significantly lowering the computational burden. Consequently, the
method achieves greater efficiency, particularly when applied to stiff systems where such opera-
tions are typically computationally intensive.

The development of BBDF methods with a singly diagonally implicit structure presents a
promising approach for the accurate and efficient simulation of diabetes models. The singly diag-
onally implicit structure enablesmore efficient implementation in terms of reduced computational
cost and lower memory requirements, as it requires fewer Jacobian evaluations and matrix factor-
izations per time step. Meanwhile, the block formulation contributes to improved stability and
accuracy, particularly when dealing with systems exhibiting stiff dynamics. The advantages of
implicit methods for stiff systems are well documented in [20] and [32], as these methods allow
for larger time steps without sacrificing stability and are capable of handling rapid changes in
certain components of the solution, which are common in stiff systems. This makes them espe-
cially suitable for simulating complex biological processes, such as glucose–insulin dynamics in
diabetes models.

Despite the advancements in BBDF and its variants, the construction of singly diagonally im-
plicit structured BBDFmethods remains relatively limited. Many existing BBDF implementations
still rely on fully implicit formulations, which incur higher computational costs due to the need
for Jacobian evaluations and LU decompositions at each step [19]. The integration of singly diago-
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nally implicit structures within BBDF frameworks represents a promising direction for enhancing
numerical efficiency by reducing computational complexity [3], while preserving the favourable
stability properties inherent in BDFmethods. Therefore, this paper explores the development and
application of a BBDF method with a singly diagonally implicit structure for simulating the dy-
namics of diabetes mellitus models, which predicts the risk level classification of diabetic patient.

In this study, three well–established mathematical models of diabetes are employed as bench-
mark test problems to evaluate the performance of the proposed numerical method. The first
model is a diabetes complication (DC) model introduced by Boutayeb et al. in [9], which de-
scribes the long–term progression of diabetes–related complications through a system of nonlin-
ear ODEs. The secondmodel is an extended DCmodel analyzed by AlShurbaji et al. in [5], which
incorporates additional interaction terms and parameters, resulting in increased stiffness and nu-
merical complexity. The third model is a lifestyle–intervention–based Type 2 Diabetes model de-
veloped by Ferdous in [13], which captures the impact of behavioural and treatment interventions
on glucose–insulin dynamics. From a modelling perspective, this metabolic–based formulation is
conceptually related to the classical Bergman Minimal Model, which is widely used to describe
glucose–insulin dynamics and assess the metabolic state of diabetic systems.

These models are well documented in the literature and are known to exhibit stiff behaviour
arising from inherentmultiscale dynamics, where fastmetabolic processes such as glucose–insulin
interactions coexist with slow physiological mechanisms including disease progression and com-
plication development. This separation of time scales leads to stiffness under certain parameter
regimes, making themodels both suitable and challenging test problems. Consequently, they pro-
vide a meaningful benchmark for evaluating the stability, accuracy and computational efficiency
of stiff numerical solvers, including the proposed singly diagonally implicit BBDF method.

Mathematical models of diabetes are increasingly used to investigate metabolic dynamics and
long–term complication development. These models typically exhibit strong stiffness and multi-
scale behavior due to the coexistence of fast metabolic processes and slow pathological progres-
sion. As a result, the accuracy, stability and efficiency of the underlying numerical solvers play a
crucial role in the reliability of simulation outcomes. The main motivation of this study is there-
fore to develop and assess a robust singly diagonally implicit BBDF capable of efficiently solving
stiff diabetes models and providing reliable numerical approximations that can support future
simulation–based investigations in computational health sciences.

2 Derivation of the Method

In this section, the derivation of ρ−Singly Diagonally Implicit Block Backward Differentiation
Formula of order 2 (ρ−SDIBBDF(2)) will be presented in detail. ρ−SDIBBDF(2) is an extended
version of BBDF formulated by Ijam and Ibrahim [19] and Aksah et al. [3]. Figure 1 shows the
mechanism of the proposed method.

Figure 1: 2−point ρ−SDIBBDF(2) method of fixed step size, h
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The most efficient ODE solvers have evolved over the years through advancements in conven-
tional Runge–Kutta (RK) methods. Ibrahim et al. [18] analyzed the efficiency of these methods
by comparing them with both a fully implicit multistep method (BBDF) and explicit one-step
methods (such as RK and Euler’s method). By incorporating singly diagonally implicit proper-
ties, the enhanced RK approaches demonstrated superior computational performance compared
to existing methods. A method with equal diagonal elements, denoted by aii = γ, classified as a
Singly Diagonally Implicit Runge–Kutta (SDIRK) method, one of the early formulations of which
is depicted in the Butcher tableau of Figure 2, as originally presented in [27].

Figure 2: Butcher array of DIRK in [27]

The choice of a singly diagonally implicit structure is motivated by computational efficiency
considerations. In fully implicit blockmethods, all stage equations are coupled andmust be solved
simultaneously, leading to large nonlinear systems and increased computational cost per Newton
iteration. In contrast, the singly diagonally implicit formulation requires solving only one implicit
equation per block stage, which significantly reduces the number of Jacobian evaluations andma-
trix factorizations. This structure preserves the ability to handle stiffness effectively while offering
substantial computational savings, making it particularly suitable for long-term simulations of
stiff dynamical systems such as diabetes models.

The ρ−SDIBBDF(2) method is derived through the Lagrange series polynomial interpolation
method. The general formula of the proposed method is in the form of

w∑︂
i=0

αk,i−1yn+i−1 = hβk,w(fn+k − ρfn+k−1), (1)

where w = k+m−1. From Equation (1), the linear difference operator, L, for the block multistep
method is defined as

Lk[y(xn);h] =

w∑︂
i=0

αk,i−1y(x+ (i− 1)h)− hβk,w[y
′(x+ kh)− ρy′(x+ (k − 1)h)], (2)

where m = 2 is the order of the methods and k = 1, 2 for solutions points yn+1 and yn+2, respec-
tively. Formulation of ρ−SDIBBDF(2) consist of interpolating of y at points (xn−1, yn−1), (xn, yn),
(xn+1, yn+1) and (xn+2, yn+2).

For yn+1, the expansion of polynomial in Equation (2) can be written as follows

P (x) =
(x− xn)(x− xn+1)

(xn−1 − xn)(xn−1 − xn+1)
yn−1 +

(x− xn−1)(x− xn+1)

(xn − xn−1)(xn − xn+1)
yn

+
(x− xn−1)(x− xn)

(xn+1 − xn−1)(xn+1 − xn)
yn+1.

(3)

1141



N. S. Sunwandi et al. Malaysian J. Math. Sci. 20(3): 1137–1164(2026) 1137 - 1164

By assigning x = xn+1 + sh and substitute into Equation (3) yields

P (x) =
(sh− xn + xn+1)sh

(xn−1 − xn)(xn−1 − xn+1)
yn−1 +

(sh− xn−1 + xn+1)sh

(xn − xn−1)(xn − xn+1)
yn

+
(sh− xn−1 + xn+1)(sh− xn + xn+1)

(xn+1 − xn−1)(xn+1 − xn)
yn+1.

(4)

Then, by substituting the difference between each point and the preceding value xn−1 and letting
xn−1 = 0, xn = h and xn+1 = 2h into Equation (4), we obtain

P (x) =
1

2

(sh+ h)s

h
yn−1 −

(sh+ 2h)s

h
yn +

1

2

(sh+ 2h)(sh+ h)

h2
yn+1. (5)

Next, differentiating Equation (5) with respect to s yields the following equation

P ′(x) =
1

2
syn−1 +

1

2

(sh+ h)

h
yn−1 − syn −

(sh+ 2h)

h
yn +

1

2

(sh+ h)

h
yn+1 +

1

2

(sh+ 2h)

h
yn+1. (6)

By considering hfn+1 = P ′(xn+1), we set x = xn to determine the value of s to be substituted into
Equation (6), where

xn+1 + sh = xn,

sh = xn − xn+1,

sh = −h,

s = −1.

Upon substituting s = −1 into Equation (6), the resulting expression is obtain as

hfn = −1

2
yn−1 +

1

2
yn+1. (7)

Subsequently, setting x = xn+1, results in s = 0, which is then substituted into Equation (6),
yielding

hfn+1 =
1

2
yn−1 − 2yn +

3

2
yn+1. (8)

By solving hfn+1 − ρhfn from Equations (7) and (8) for yn+1, we obtain

yn+1 =
ρ+ 1

ρ− 3
yn−1 −

4

ρ− 3
yn +

2ρ

ρ− 3
hfn − 2

ρ− 3
hfn+1. (9)

To determine yn+2, Equation (2) is expanded, leading to the following equation

P (x) =
(x− xn+1)(x− xn+2)

(xn − xn+1)(xn − xn+2)
yn +

(x− xn)(x− xn+2)

(xn+1 − xn)(xn+1 − xn+2)
yn+1

+
(x− xn)(x− xn+1)

(xn+2 − xn)(xn+2 − xn+1)
yn+2.

(10)

Similarly, defining x = xn+2 + sh and substituting into Equation (10) yields the following result

P (x) =
(sh− xn+1 + xn+2)sh

(xn − xn+1)(xn − xn+2)
yn +

(sh− xn + xn+2)sh

(xn+1 − xn)(xn+1 − xn+2)
yn+1

+
(sh− xn + xn+2)(sh− xn+1 + xn+2)

(xn+2 − xn)(xn+2 − xn+1)
yn+2.

(11)
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Then, by replacing the difference between each point and the previous value xn−1 and substituting
xn−1 = 0, xn = h, xn+1 = 2h and xn+2 = 3h into Equation (11), the result is

P (x) =
1

2

(sh+ h)s

h
yn − (sh+ 2h)s

h
yn+1 +

1

2

(sh+ 2h)(sh+ h)

h2
yn+2. (12)

Next, differentiate Equation (12) with respect to s yields the following result

P ′(x) =
1

2
syn+

1

2

(sh+ h)

h
yn−syn+1−

(sh+ 2h)

h
yn+1+

1

2

(sh+ h)

h
yn+2+

1

2

(sh+ 2h)

h
yn+2. (13)

Considering hfn+2 = P ′(xn+2), x = xn+1 is set to determine the value of s, which is then substi-
tuted into Equation (13), where

xn+2 + sh = xn+1,

sh = xn+1 − xn+2,

sh = −h,

s = −1.

Then, by substituting s = −1 into Equation (13), the following result is obtain

hfn+1 = −1

2
yn +

1

2
yn+2. (14)

Next, setting x = xn+2 results in s = 0, which is then substituted into Equation (13), yielding

hfn+2 =
1

2
yn − 2yn+1 +

3

2
yn+2. (15)

Upon solving hfn+2 − ρhfn+1 from Equations (14) and (15) for yn+2, gives

yn+2 =
ρ+ 1

ρ− 3
yn − 4

ρ− 3
yn+1 +

2ρ

ρ− 3
hfn+1 −

2

ρ− 3
hfn+2. (16)

As suggested by Ijam and Ibrahim [19], the free parameter ρ is selected within the interval
(−1, 1) to ensure absolute stability. In this study, ρ = −0.75 is adopted to achieve accurate nu-
merical results with optimal stability properties, making the method well–suitable for solving
stiff problems. A detailed justification for this selection of ρ is provided in [19]. By substituting
ρ = −0.75 into Equations (9) and (16), the proposed method can be expressed in matrix form as
follows,[︃

1
15 − 16

15
0 1

15

]︃ [︃
yn−1

yn

]︃
+

[︃
1 0

− 16
15 1

]︃ [︃
yn+1

yn+2

]︃
= h

[︃
0 2

5
0 0

]︃ [︃
fn−1

fn

]︃
+ h

[︃
8
15 0
2
5

8
15

]︃ [︃
fn+1

fn+2

]︃
(17)

with

A0 =

[︃
1
15
0

]︃
, A1 =

[︃
− 16

15
1
15

]︃
, A2 =

[︃
1

− 16
15

]︃
, A3 =

[︃
0
1

]︃
, B0 =

[︃
0
0

]︃
, B1 =

[︃
2
5
0

]︃
, B2 =

[︃
8
15
2
5

]︃
, B3 =

[︃
0
8
15

]︃
.

In accordance with standard linear multistep method (LMM) terminology, the proposed ρ−
SDIBBDF(2) method is implemented using a PECE sequence, where P and C denote the predic-
tor and corrector stages, respectively and E represents function evaluation. The computational
procedure is summarized as follows.
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Step 1: Predictor (P)
For each block and stage j, initial approximations y(p)n+j , are obtained using the explicit predictor
formula based on previously computed solution values.

y
(p)
n+1 = −yn−1 + 2yn, y

(p)
n+2 = −2yn−1 + 3yn.

Step 2: Evaluation (E)
The right-hand side function is evaluated at the predicted values,

f(xn+j , y
(p)
n+j).

Step 3: Corrector (C)
A more accurate approximation y

(c)
n+j is computed using the implicit corrector formula. Owing

to the singly diagonally implicit structure, the block stage equations are solved sequentially, with
each stage depending only on previously computed stages.

Step 4: Evaluation (E)
The function is re-evaluated at the corrected values,

f(xn+j , y
(c)
n+j),

to complete the PECE cycle for the current block.

The solution is then advanced to the next block, and the procedure is repeated until the final
integration time is reached. This sequential PECE–based implementation significantly reduces
computational complexity compared to fully implicit block schemes while preserving stability for
stiff problems.

3 Stability Analysis of The Method

This section focuses on the order, convergence and stability of the proposed method. The
following definitions clarify the concepts of zero stability, A−stability, consistency and explain
how they relate to the notion of convergence.

Zero stability is a fundamental requirement for the convergence of LMM. It ensures that the
numerical solution remains bounded in response to small perturbations in the initial data as the
step size tends to zero, which is crucial to prevent the amplification of errors and to guarantee that
the numerical solution closely follows the behaviour of the exact solution.

Definition 3.1. The LMM is said to have zero stability if no root of its characteristic polynomial has a
modulus higher than one and if any root with a modulus of one is simple [21].

Consider the scalar test equation y′ = λy. By substituting hλ = H into Equations (9) and (16)
and rewriting it in matrix form, we obtain[︄

1 + 2
ρ−3H 0

4
ρ−3 − 2ρ

ρ−3H 1 + 2
ρ−3H

]︄
⏞ ⏟⏟ ⏞

P

[︃
yn+1

yn+2

]︃
=

[︄
ρ+1
ρ−3 − 4

ρ−3 + 2ρ
ρ−3H

0 ρ+1
ρ−3

]︄
⏞ ⏟⏟ ⏞

Q

[︃
yn−1

yn

]︃
, (18)
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which is equivalent toPYm = QYm−1. By substituting the coefficientsP andQ fromEquation (18)
into the determinant expression |Pr −Q| = 0, the following stability polynomial is obtain

SP (r,H) =− 1

(ρ− 3)2
(4H2ρ2r − 4H2r2 − 4Hρr2 − ρ2r2 − 12Hρr + 12Hr2 + 2ρ2r

+ 6ρr2 + 4Hr − ρ2 − 4ρr − 9r2 − 2ρ+ 10r − 1).

(19)

By evaluating SP (r, 0) for ρ = −0.75, the resulting roots are

r1 = 1, r2 =
1

225
.

Zero stability of the ρ−SDIBBDF(2) method is confirmed when the roots of SP (r,H), as given in
Equation (19), meet the requirements of Definition 3.1.

The regions of absolute stability are presented to illustrate the stability characteristics of the
proposed methods. As noted by [14], a larger stability region permits the use of larger step sizes
while maintaining control over truncation error, which is particularly beneficial for stiff systems.

Definition 3.2. A numerical method is said to be A−stable if RA ⊇ {H | Re(H) < 0}. This means that
the stability region covers the whole left-hand of the H-plane as shown in Figure 3.

Figure 3: Absolute stability region of anA−stable method

The stability region is obtained by substituting r = eiθ into Equation (19) and solving SP (r,H)
for r. The resulting stability boundary, corresponding to values of θ ∈ [0, 2π] for which |r| < 1, is
plotted using MAPLE software and illustrated in Figure 4.

Figure 4: Stability region for ρ−SDIBBDF(2) for ρ = −0.75
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As shown in Figure 4, the region of absolute stability lies outside the closed contour of the
graph, while the unstable region is contained within it. In accordance with Definition 3.2, it is
concluded that the ρ−SDIBBDF(2) method possesses A−stable properties.

Definition 3.3. A numerical method is said to beL−stable if it isA−stable and its stability functionR(H)
satisfies limH→∞ R(H) = 0.

The L−stability of the proposed method is examined using the standard linear test equation
y′ = λy, where Re(λ) < 0. Applying the proposed scheme to this equation yields the stability
function R(H), with H = hλ. The method is A−stable, as the resulting stability region covers
the entire left–hand of the H−plane. Furthermore, taking the limit of the stability function as
H → ∞ gives limH→∞ R(H) = 0, which confirms that the proposed method strongly damps stiff
components. Therefore, the proposed method is L−stable and well suited for stiff systems such
as diabetes models. This property ensures strong damping of rapidly decaying components and
explains the method’s ability to handle highly stiff diabetes models efficiently, even for moderate
step sizes. The observed numerical robustness contrasts with adaptive solvers such as ode15s,
which require substantially tighter tolerances to achieve comparable stability in stiff regimes.

Convergence is a fundamental property that reflects the effectiveness of a numericalmethod. It
ensures that the approximate solution approaches the exact solution of the differential equation as
the step size tends to zero. Typically, convergence requires that the method be both consistent and
zero-stable [16]. According to Lambert [21], the consistency conditions outlined in Definition 3.3
must be satisfied for the convergence theorem to hold.

Definition 3.4. The LMM is said to be consistent if it has order p ≥ 1. The method is consistent if and
only if the following conditions are satisfied:

a)
3∑︂

j=0

Aj = 0,

b)
3∑︂

j=0

jAj =

3∑︂
j=0

Bj .

By applying the above consistency conditions to the respective coefficients of yn+1 and yn+2 in
Equation (17), we obtain:

a)
3∑︂

j=0

Aj =

[︃
1
15
0

]︃
+

[︃
− 16

15
1
15

]︃
+

[︃
1

− 16
15

]︃
+

[︃
0
1

]︃
=

[︃
0
0

]︃
,

b)
3∑︂

j=0

jAj = 0

[︃
1
15
0

]︃
+ 1

[︃
− 16

15
1
15

]︃
+ 2

[︃
1

− 16
15

]︃
+ 3

[︃
0
1

]︃
=

[︃
14
15
14
15

]︃
,

3∑︂
j=0

Bj =

[︃
0
0

]︃
+

[︃
2
5
0

]︃
+

[︃
8
15
2
5

]︃
+

[︃
0
8
15

]︃
=

[︃
14
15
14
15

]︃
.

According to Definition 3.4, the consistency of ρ−SDIBBDF(2) is assured, as the method has an
order p ≥ 1. Hence, the proposed method is proven to be convergent, since it is consistent and
zero stable.
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4 Mathematical Model

The numerical experiments are conducted using three diabetes–related dynamical models
taken from the literature. The DC model by Boutayeb et al. [9] and the extended DC model by
AlShurbaji et al. [5] are employed to examine the behaviour of the proposed method under stiff
conditions arising from multiscale disease dynamics. In addition, a lifestyle–intervention–based
Type 2 Diabetes model proposed by Ferdous [13] is used to evaluate the method’s capability in
capturing long–term intervention effects. These models collectively provide a diverse and repre-
sentative set of stiff test problems for assessing numerical accuracy, stability and computational
efficiency.

This section also addresses the dynamics of diabetes mellitus using systems of ODEsmodelled
in [5], [9] and [13], which integrate key factors such as disease progression, complications and
the influence of lifestyle changes. The equations describe interactions among populations affected
by diabetes, including those with and without complications and incorporate variables such as
treatment rates, mortality and preventive measures. Parameters are selected to reflect real–world
scenarios, offering insight into the incidence of diabetes, its associated complications and the ben-
efits of healthy lifestyle interventions. By combining these elements, the system provides a com-
prehensive framework for predicting outcomes and evaluating strategies for disease management
and prevention.

4.1 Model A

Boutayeb et al. [9] presented a foundational model using ODEs, also known as the DCmodel.
It is divided into two categories, diabetics with complications (C) and diabetics without compli-
cations (D), incorporating parameters such as the natural mortality rate (µ), the probability of
developing complications (λ) and the rate at which complications are cured (γ). A mathematical
model has been presented to cope with the dynamics of a diabetic population as follows

C ′(t) = −(λ+ θ)C(t) + λN(t),

N ′(t) = I(t)− (ν + δ)C(t)− µN(t).

whereC(t) is the number of diabetics with complication and letN(t) = C(t)+D(t) denote the size
of population of diabetics at time t, with eigenvalues −0.7722,−0.1077 and stiffness ratio 7.1699.
The initial conditions are

C0 = 47, 000, 500, N0 = 61, 100, 500, 0 ≤ t ≤ 4

and the analytical solutions for Model A are provided as follows

C(t) = K1e
−η1t +K2e

−η2t +
α

β
I(t),

N(t) = K1e
−η1t+K2e

−η2t+
α

β
I(t)+

θ

λ
K1e

−η1t+
θ

λ
K2e

−η2t+
θα

λβ
I(t)− 1

λ
(η1K1e

−η1t+η2K2e
−η2t),
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where the parameters are defined as

θ = γ + µ+ ν + δ,

η1 =
1

2

(︂
σ −

√︁
σ2 − 4β

)︂
,

η2 =
1

2

(︂
σ +

√︁
σ2 − 4β

)︂
,

σ = λ+ θ + µ,

β = λ(ν + δ) + µ(λ+ θ),

α = λ,

K1 =
β(λ+ θ − η2)C0 + I(αη2)− λβN0

β(η1 − η2)
,

K2 =
−β(λ+ θ − η1)C0 + I(−αη1) + λβN0

β(η1 − η2)
.

The parameters and values of the ODEs for Model A are defined in Table 1 as follows.

Table 1: List of parameters and values used for Model A.

Parameter Description Value
ν Rate at which patients with complications become severely disable 0.05
δ Mortality rate due to complications 0.05
µ Natural mortality rate 0.02
γ Rate at which complications are cured 0.08
λ Probability of developing a complication 0.66

I(t) Incidence of diabetes mellitus 6× 106

Figure 5 illustrates the DC model developed by [9], which is used to analyze and control the
dynamics of diabetes epidemiology over time.

Figure 5: Schematic presentation of Model A by Boutayeb et al. [9]

4.2 Model B

Model B is a mathematical model developed to simulate the population dynamics of diabetes
and its associated complications. Originally introduced by Boutayeb et al. [9], it is widely known
as the DC model. AlShurbaji et al. [5] extended the analysis of the DC model, as discussed in
Akinsola and Oluyo [2], using advanced numerical methods. The model focuses on understand-
ing how diabetes affects population trends over time and how related complications evolve. Sev-
eral numerical methods are used to analyse the model, including explicit Euler, implicit Euler,
Heun’s method, the fourth–order Runge–Kutta method and the Adams–Moulton method. These
approaches allow for detailedmonitoring of the diabetic population and provide valuable insights
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into the progression of the disease and its complications over a specified period. The system of
ODEs for Model B is represented as follows

C ′(t) = I(t)− (λ+ θ)C(t) + λN(t), t > 0,

N ′(t) = 2I(t)− (ν + δ)C(t)− µN(t), t > 0.

Thus, the analytical solutions for Model B were utilized to determine the true values of C(t) and
N(t). These true values served as a basis for comparison and for calculating the percentage error.

C(t) = K1e
−η1t +K2e

−η2t +
α

β
I(t),

N(t) = K1e
−η1t+K2e

−η2t+
α

β
I(t)+

θ

λ
K1e

−η1t+
θ

λ
K2e

−η2t+
θα

λβ
I(t)− I

λ
− I

λ
(η1K1e

−η1t+η2K2e
−η2t),

where the parameters are defined as

θ = γ + µ+ ν + δ,

η1 =
1

2

(︂
σ −

√︁
σ2 − 4β

)︂
,

η2 =
1

2

(︂
σ +

√︁
σ2 − 4β

)︂
,

σ = λ+ θ + µ,

β = λ(ν + δ) + µ(λ+ θ),

α = 2λ+ µ,

K1 =
β(λ+ θ − η2)C0 + I(αη2 − β)− λβN0

β(η1 − η2)
,

K2 =
−β(λ+ θ − η1)C0 + I(β − αη1) + λβN0

β(η1 − η2)
.

The initial conditions are taken from [2] and are given as follows:

C∗(t) =
(2λ+ µ)I

λ(ν + δ + µ) + µθ
, N∗(t) =

(2(λ+ θ)− (µ+ δ))I

λ(ν + δ + µ) + µθ
,

C0 = C∗ ± 500, N0 = N∗ ± 500,

C0 = 9.021029021× 107, N0 = 1.505249755× 108, 0 ≤ t ≤ 20.

The eigenvalues are−1.4087,−0.0812 and stiffness ratio is 17.3485. The parameters and values are
defined in Table 2 as follows.

Table 2: List of parameters and values used for Model B.

Parameter Description Value
λ Probability of developing a complication 0.85
δ Mortality rate due to complications 0.05
µ Natural mortality rate 0.02
γ Rate at which complications are controlled 0.5
ν Rate at which patients with complications become severely disable 0.05

I(t) Incidence of diabetes 6× 106
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A schematic presentation of Model B is shown in Figure 6.

Figure 6: Schematic presentation of Model B by AlShurbaji et al. [5]

4.3 Model C

Ferdous [13] examines the effects of lifestyle interventions on individuals by developing an
ODE model. The study constructs a general model based on the dynamics of Type 2 Diabetes
(T2D), incorporating a control variable referred to as a healthy lifestyle. The mathematical model
of Model C can be represented by the system of ODEs as follows

S′(t) = b− (µ+ ε+ α)S(t),

A′(t) = εS(t)− (τ + µ+ ε+ δ1)A(t) + γL(t),

T ′(t) = τA(t)− (µ+ δ2)T (t),

L′(t) = αS(t)− (γ + µ+ β)L(t),

P ′(t) = βL(t)− µP (t),

where total adults of age 20−79 years,N(t) = S(t)+A(t)+T (t)+L(t)+P (t)which is subdivided
into five classes which are adults of susceptible class: S(t), adults of affected class: A(t), adults of
treated class: T (t), adults maintaining healthy lifestyle: L(t) and adults of prevented class: P (t).
The eigenvalues are−0.0138,−0.0158,−0.3558,−0.3638,−0.6188 and stiffness ratio is 44.8405. The
initial conditions of these variables are considered as

S(0) = 1, A(0) = 0, T (0) = 0, L(0) = 0, P (0) = 0, 0 ≤ t ≤ 10.

Table 3 below represented the list of parameters and values used for the mathematical model.
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Table 3: List of parameters and values used for Model C.

Parameter Description Value
b Adult birth rate µ× 1
µ Adult natural mortality rate 0.0138
ε Rate at which adults become affected from susceptible class 0.142
τ Treatment rate 0.565
α Rate at susceptible adults maintaining a healthy lifestyle 0.2
β Rate at which the healthy lifestyle population goes to the prevented class 0.3
γ Rate at which adults become affected from healthy lifestyle class 0.05
δ1 Death rate in class A due to diabetes-related complications 0.04
δ2 Death rate in class T due to diabetes-related complications 0.002

Figure 7 represents the T2D dynamics model, developed by Ferdous [13], which utilizes a
compartmental approach to analyze and control the epidemiological progression of T2D.

Figure 7: Schematic presentation of Model C by Ferdous [13]

5 Numerical Simulation and Discussion

In this section, the numerical results forModels A, B, andC are presented in Tables 4(a) to 7(e),
based on simulations of the proposed mathematical models for diabetes mellitus. Models A, B,
and C are solved numerically using the C++ programming language. These numerical results
are compared with those obtained using MATLAB’s built–in solver, ode15s, which is based on
Numerical Differentiation Formulas, a modification of the BDFs.

To validate how good the performance of the model is, the Root of the Mean Squared Error
(RMSE) and the Maximum Error (MAXE) are calculated using the numerical solution and the
exact solution, respectively

RMSE =

⌜⃓⃓⎷ 1

N

N∑︂
i=1

[y(ti)− yi]2, MAXE = max
1≤i≤TS

(︃
max

1≤i≤K
|(yi)t − (y(ti))t|

)︃
,

whereN is number of observations, TS is the total number of steps,K is the number of equations,
yi and y(ti) are the approximated and exact solutions, respectively.

Both ρ−SDIBBDF(2) and ode15s are being compared with some existing methods in the liter-
ature for Model B. The numerical results of the percentage error are given in Tables 6(a) and 6(b),
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using

Error = |yi − y(ti)|
y(ti)

× 100%,

where yi and y(ti) are the approximated and true values, respectively. The description for abbre-
viations used in Tables 4(a)–7(e) are provided as follows.

ρ−SDIBBDF(2) ρ−Singly Diagonally Implicit Block Backward Differentiation Formula of
Order 2

BBDF Block Backward Differentiation Formula in [18]
ode15s Variable order solver implemented in numerical differentiation formula

in MATLAB
AM(4) Adam–Moulton (4th order)
RK(4) Runge–Kutta (4th order)
RMSE Root Mean Squared Error
MAXE Maximum error
TIME Execution time in seconds
TS Total steps
t Time in years
I Increment in t (the time step)

Table 4(a): Approximate solutions of C(t) for Model A

I Exact Solutions Approximate Solutions
ρ−SDIBBDF(2) BBDF ode15s

0.00 4.700050000000000E+07 4.70005000000000E+07 4.70005000000000E+07 4.700050000000000E+07
0.01 4.699956560404735E+07 4.69995655979450E+07 4.69995653491052E+07 4.699956601805391E+07
0.02 4.699864433277279E+07 4.69986443266850E+07 4.69986438194006E+07 4.699864598561987E+07
0.05 4.699595822005697E+07 4.69959582140102E+07 4.69959569566818E+07 4.699596830153238E+07
0.10 4.699173407405169E+07 4.69917340680723E+07 4.69917316420601E+07 4.699177267972719E+07
0.20 4.698418793083506E+07 4.69841879249886E+07 4.69841834460388E+07 4.698432936867639E+07
0.50 4.696793651586237E+07 4.69679365103554E+07 4.69679277803283E+07 4.696816978175013E+07
1.00 4.695751743664486E+07 4.69575174315862E+07 4.69575060495712E+07 4.695808939156747E+07
2.00 4.697478328771753E+07 4.69747832832234E+07 4.69747742798144E+07 4.697557646166351E+07
2.50 4.699375352646633E+07 4.69937535220929E+07 4.69937469175541E+07 4.699424468171674E+07
3.00 4.701609036180633E+07 4.70160903575689E+07 4.70160861589810E+07 4.701626771297257E+07
3.50 4.704022018680218E+07 4.70402201826674E+07 4.70402181669478E+07 4.704018750572370E+07
4.00 4.706509942206879E+07 4.70650994179621E+07 4.70650992747506E+07 4.706492576816364E+07

RMSE 5.02262488547227E-03 5.41019646500097E+00
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Table 4(b): Approximate solutions ofN(t) for Model A

I Exact Solutions Approximate Solutions
ρ−SDIBBDF(2) BBDF ode15s

0.00 6.11005000000000E+07 6.11005000000000E+07 6.11005000000000E+07 6.11005000000000E+07
0.01 6.11012797911323E+07 6.11012797901961E+07 6.11012797755648E+07 6.11012798148792E+07
0.02 6.11020603532556E+07 6.11020603523209E+07 6.11020603227626E+07 6.11020604488473E+07
0.05 6.11044065386419E+07 6.11044065377113E+07 6.11044064664831E+07 6.11044071072258E+07
0.10 6.11083310701964E+07 6.11083310692724E+07 6.11083309385814E+07 6.11083331344230E+07
0.20 6.11162278862235E+07 6.11162278853129E+07 6.11162276704142E+07 6.11162345581087E+07
0.50 6.11401992357388E+07 6.11401992348564E+07 6.11401989968027E+07 6.11402042196931E+07
1.00 6.11805332380209E+07 6.11805332371727E+07 6.11805334731982E+07 6.11805113193180E+07
2.00 6.12598176815641E+07 6.12598176807264E+07 6.12598196255626E+07 6.12595752832749E+07
2.50 6.12978331169994E+07 6.12978331161131E+07 6.12978359595107E+07 6.12975161965093E+07
3.00 6.13344347073372E+07 6.13344347064689E+07 6.13344383799323E+07 6.13340898063629E+07
3.50 6.13695108849242E+07 6.13695108840710E+07 6.13695152941926E+07 6.13691536750753E+07
4.00 6.14030154205039E+07 6.14030154196009E+07 6.14030204666569E+07 6.14026570929753E+07

RMSE 8.58522058294979E-04 2.32767525704804E+00

Table 4(c): Numerical results for Model A

h Method TS MAXE TIME
10−2 ρ−SDIBBDF(2) 200 1.97681E-01 1.83072E-04

BBDF 200 1.12472E-01 6.12252E-04
10−4 ρ−SDIBBDF(2) 20000 5.83197E-03 2.53995E-03

BBDF 20000 1.14785E-02 8.66723E-03
10−6 ρ−SDIBBDF(2) 2000000 6.25596E-05 1.31126E-02

BBDF 2000000 1.16043E-04 7.15754E-02

Table 5(a): Approximate solutions of C(t) for Model B

t Exact Solutions Approximate Solutions
ρ−SDIBBDF(2) BBDF ode15s

0 9.021029021000000E+07 9.02102902100000E+07 9.02102902100000E+07 9.021029021000000E+07
1 9.089269403830102E+07 9.08926940496138E+07 9.08926982613182E+07 9.089010161296606E+07
2 9.100624586293071E+07 9.10062458668285E+07 9.10062498076313E+07 9.100619596409823E+07
3 9.098490242250315E+07 9.09849024242750E+07 9.09849029958577E+07 9.098487489324851E+07
4 9.093441504115434E+07 9.09344150423936E+07 9.09344152309540E+07 9.093435791249400E+07
5 9.088033462020494E+07 9.08803346213668E+07 9.08803343554921E+07 9.088045744918412E+07
6 9.082863137099103E+07 9.08286313721744E+07 9.08286309363637E+07 9.082866346433716E+07
7 9.078051072980671E+07 9.07805107310266E+07 9.07805102219509E+07 9.078044788417752E+07
8 9.073603324690638E+07 9.07360332481548E+07 9.07360335549125E+07 9.073590592075115E+07
9 9.069499787832702E+07 9.06949978795886E+07 9.06949973086979E+07 9.069485134268293E+07
10 9.065715647138896E+07 9.06571564726498E+07 9.06571558871358E+07 9.065697424858394E+07
11 9.062226487996621E+07 9.06222648812127E+07 9.06222649572467E+07 9.062199518197852E+07
12 9.059009424836574E+07 9.05900942495852E+07 9.05900942700639E+07 9.058978473235501E+07
13 9.056043265334429E+07 9.05604326545285E+07 9.05604326277360E+07 9.056006897271423E+07
14 9.053308447634925E+07 9.05330844774908E+07 9.05330844107425E+07 9.053267170811471E+07
15 9.050786930120800E+07 9.05078693023010E+07 9.05078692020305E+07 9.050740733882987E+07
16 9.048462076982500E+07 9.04846207708656E+07 9.04846206427624E+07 9.048411291547363E+07
17 9.046318549584856E+07 9.04631854968308E+07 9.04631853458920E+07 9.046263105048560E+07
18 9.044342205541964E+07 9.04434220563413E+07 9.04434218869548E+07 9.044282086770603E+07
19 9.042520005476782E+07 9.04252000556290E+07 9.04252002214656E+07 9.042455537578163E+07
20 9.040839927007272E+07 9.04083992708709E+07 9.04083993981633E+07 9.040771641893551E+07

RMSE 2.828798043478310E-03 1.29411362409527E+00
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Table 5(b): Approximate solutions ofN(t) for Model B

t Exact Solutions Approximate Solutions
ρ−SDIBBDF(2) BBDF ode15s

0 1.505249755000000E+08 1.50524975500000E+08 1.50524975500000E+08 1.505249755000000E+08
1 1.504513570960496E+08 1.50451357048880E+08 1.50451359518561E+08 1.504512353430396E+08
2 1.503463527588060E+08 1.50346352711325E+08 1.50346356990039E+08 1.503464165579907E+08
3 1.502404627785260E+08 1.50240462731177E+08 1.50240462349493E+08 1.502405238005271E+08
4 1.501406132664841E+08 1.50140613219326E+08 1.50140612636316E+08 1.501406670615670E+08
5 1.500480092156077E+08 1.50048009168616E+08 1.50048008462045E+08 1.500480409144854E+08
6 1.499624952252817E+08 1.49962495178423E+08 1.49962494386645E+08 1.499624755184070E+08
7 1.498836184571019E+08 1.49883618410340E+08 1.49883617555943E+08 1.498835260334835E+08
8 1.498108857239647E+08 1.49810885677263E+08 1.49810886172824E+08 1.498107141623161E+08
9 1.497438238086560E+08 1.49743823761984E+08 1.49743822827625E+08 1.497435980729780E+08
10 1.496819918811914E+08 1.49681991834527E+08 1.49681990877549E+08 1.496816975817238E+08
11 1.496249823887743E+08 1.49624982342095E+08 1.49624982466346E+08 1.496245407545826E+08
12 1.495724192953530E+08 1.49572419248638E+08 1.49572419282228E+08 1.495719132954510E+08
13 1.495239558275909E+08 1.49523955780823E+08 1.49523955737204E+08 1.495233615118667E+08
14 1.494792722424266E+08 1.49479272195597E+08 1.49479272086683E+08 1.494785978967502E+08
15 1.494380737310558E+08 1.49438073684153E+08 1.49438073520474E+08 1.494373191245911E+08
16 1.494000884771774E+08 1.49400088430194E+08 1.49400088221050E+08 1.493992589837297E+08
17 1.493650658644329E+08 1.49365065817359E+08 1.49365065570904E+08 1.493641600944542E+08
18 1.493327748231054E+08 1.49332774775938E+08 1.49332774499321E+08 1.493317926019450E+08
19 1.493030023056331E+08 1.49303002258371E+08 1.49303002529471E+08 1.493019490328421E+08
20 1.492755518809898E+08 1.49275551833629E+08 1.49275552041758E+08 1.492744362928245E+08

RMSE 4.58492577404256E-02 1.17560581448876E+00

Table 5(c): Numerical results for Model B

h Method TS MAXE TIME
10−2 ρ−SDIBBDF(2) 1000 2.91834E-02 7.66111E-05

BBDF 1000 1.00044E-01 1.46580E-04
10−4 ρ−SDIBBDF(2) 100000 4.74320E-03 6.31006E-04

BBDF 100000 1.03478E-02 7.96504E-03
10−6 ρ−SDIBBDF(2) 10000000 5.89962E-04 6.39139E-02

BBDF 10000000 1.03892E-03 4.03335E-01
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Table 6(a): Numerical Approximation and Percentage Error for C(t) in Model B

Time t = 5 t = 10 t = 15 t = 20
Method Value Error (%) Value Error (%) Value Error (%) Value Error (%)
True Value 9.088013651E+07 - 9.065702459E+07 - 9.050778143E+07 - 9.040834072E+07 -
ρ−SDIBBDF(2) 9.088032396E+07 0.00020626 9.065714920E+07 0.00013745 9.050786446E+07 0.00009173 9.040839604E+07 0.00006118
ode15s 9.088045744E+07 0.00035314 9.065697424E+07 0.00005553 9.050740733E+07 0.00041333 9.040771641E+07 0.00069054
Explicit Euler 9.088091461E+07 0.00085618 9.064156700E+07 0.01705062 9.049259639E+07 0.01677760 9.039496497E+07 0.01479481
Implicit Euler 9.087917647E+07 0.00105638 9.067108635E+07 0.01551094 9.052209811E+07 0.01581817 9.042116205E+07 0.01418157
Heun’s 9.081316025E+07 0.07369735 9.065283625E+07 0.00461998 9.050789351E+07 0.00012383 9.040869663E+07 0.00039366
AM(4) 9.098329197E+07 0.11350715 9.065971329E+07 0.00296579 9.036363694E+07 0.15926198 9.025948965E+07 0.16464307
RK(4) 9.087922941E+07 0.00099813 9.065702233E+07 0.00000249 9.050778157E+07 0.00000015 9.040834085E+07 0.00000014

Table 6(b): Numerical Approximation and Percentage Error for N(t) in Model B

Time t = 5 t = 10 t = 15 t = 20
Method Value Error (%) Value Error (%) Value Error (%) Value Error (%)
True Value 1.500476857E+08 - 1.496817763E+08 - 1.494379301E+08 - 1.492754561E+08 -
ρ−SDIBBDF(2) 1.500479913E+08 0.000203668 1.496819799E+08 0.000136021 1.494380657E+08 0.000090740 1.492755465E+08 0.000060559
ode15s 1.500480409E+08 0.000236724 1.496816975E+08 0.000052645 1.494373191E+08 0.000408865 1.492744362E+08 0.000683233
Explicit Euler 1.500296210E+08 0.012039305 1.496567244E+08 0.016736773 1.494131172E+08 0.016604151 1.492536018E+08 0.014640250
Implicit Euler 1.500641461E+08 0.010970112 1.497049896E+08 0.015508434 1.494613247E+08 0.015655061 1.492964046E+08 0.014033452
Heun’s 1.500433604E+08 0.002882616 1.496821376E+08 0.000241378 1.494386008E+08 0.000448815 1.492760706E+08 0.000411655
AM(4) 1.500551132E+08 0.004950093 1.496819693E+08 0.000128940 1.494275502E+08 0.006945960 1.492647374E+08 0.007180483
RK(4) 1.500476206E+08 0.000043386 1.496817764E+08 0.000000066 1.494379303E+08 0.000000134 1.492754563E+08 0.000000134
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Table 7(a): Approximate solutions of S(t) for Model C

t
Approximate Solutions

ρ−SDIBBDF(2) BBDF ode15s
0 1 1 1
1 7.121767921953591E-01 7.121597468323849E-01 7.122242702847833E-01
2 5.105721108999255E-01 5.105482229232909E-01 5.106057882110795E-01
3 3.693253050261849E-01 3.693001996531895E-01 3.693468927136058E-01
4 2.703659949478694E-01 2.703425424177362E-01 2.703792104013361E-01
5 2.010338426872325E-01 2.010133036870709E-01 2.010408677791065E-01
6 1.524588543077552E-01 1.524415864773691E-01 1.524620198158161E-01
7 1.184265991543863E-01 1.184124848184946E-01 1.184263969786602E-01
8 9.458316800881166E-02 9.457186673388074E-02 9.458130796287531E-02
9 7.787815665318948E-02 7.786924918158092E-02 7.787550428748932E-02
10 6.617441306496098E-02 6.616747902998245E-02 6.617000205306466E-02

Table 7(b): Approximate solutions ofA(t) for Model C

t
Approximate Solutions

ρ−SDIBBDF(2) BBDF ode15s
0 0 0 0
1 9.142678545876823E-02 9.143905980819803E-02 9.141732921907264E-02
2 1.188714942531171E-01 1.188826206697272E-01 1.188696056981067E-01
3 1.171365258007368E-01 1.171430837032095E-01 1.171449159103748E-01
4 1.037575335900248E-01 1.037597611759942E-01 1.037688236631729E-01
5 8.722620550009369E-02 8.722534871691107E-02 8.723810549466401E-02
6 7.136731771310680E-02 7.136463018781980E-02 7.137712541637568E-02
7 5.765983469145690E-02 5.765627812729952E-02 5.766851344563632E-02
8 4.645402052917713E-02 4.645023748869594E-02 4.646026718248465E-02
9 3.759858741252527E-02 3.759496210502344E-02 3.760280629526270E-02
10 3.075494347049292E-02 3.075167685023055E-02 3.075823293020481E-02

The numerical results presented in Tables 4(a), 4(b), 5(a) and 5(b) compare the performance
of the ρ−SDIBBDF(2) with the analytical solutions across two diabetes models i.e. Model A
and Model B. For the two models, the approximate solutions generated by ρ−SDIBBDF(2) align
closely with those from ode15s. The small difference observed are within acceptable error mar-
gins, demonstrating the effectiveness of ρ−SDIBBDF(2) in approximating solutions to ODEs. The
ρ−SDIBBDF(2) method consistently shows results comparable to ode15s, affirming its stability
and accuracy. Meanwhile, in a case where no theoretical solutions are provided for Model C,
the solutions approximated by our method very much agree with the generated solutions by stiff
MATLAB solver; ode15s as listed in Tables 7(a)– 7(e) and illustrated in Figures 10.

The numerical results reported in Tables 4(a), 4(b), 5(a) and 5(b) demonstrate the accuracy
and robustness of the proposed ρ−SDIBBDF(2) method when applied to stiff diabetes models.
For Model A, the proposed method yields RMSE values of 5.02E–03 for C(t) and 8.59E–04 for
N(t) relative to the analytical solution, whereas the conventional BBDF method produces sub-
stantially larger errors of 5.41 and 2.33, respectively. Likewise, for Model B, the proposed method
achieves RMSE values of 2.83E–03 for C(t) and 4.58E–02 for N(t), while the BBDF method yields
errors exceeding unity for both state variables. These consistently lowRMSEvalues indicate strong
agreement with the analytical solutions and confirm the high accuracy of the proposed scheme.
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Table 7(c): Approximate solutions of T (t) for Model C

t
Approximate Solutions

ρ−SDIBBDF(2) BBDF ode15s
0 0 0 0
1 2.988925855072468E-02 2.988359125523819E-02 2.987828037672068E-02
2 9.036167950174147E-02 9.036009297503705E-02 9.034859758869425E-02
3 1.559418613379369E-01 1.559456967869050E-01 1.559233167505767E-01
4 2.156912178588185E-01 2.156990930240806E-01 2.156731606588106E-01
5 2.658572156996202E-01 2.658672975161552E-01 2.658411111913312E-01
6 3.060490926104724E-01 3.060598728844240E-01 3.060368019719632E-01
7 3.372901955904077E-01 3.373006534564913E-01 3.372805335469297E-01
8 3.610597589226197E-01 3.610693026986682E-01 3.610534286276254E-01
9 3.788489304955808E-01 3.788572835480100E-01 3.788451894249711E-01
10 3.919780991018668E-01 3.919851917903968E-01 3.919761518855799E-01

Table 7(d): Approximate solutions of L(t) for Model C

t
Approximate Solutions

ρ−SDIBBDF(2) BBDF ode15s
0 0 0 0
1 1.406714671471442E-01 1.406876877630412E-01 1.406542668902658E-01
2 1.982545004722740E-01 1.982722925976809E-01 1.982484594468271E-01
3 2.101397823877811E-01 2.101533308413444E-01 2.101450726401809E-01
4 1.986875068126539E-01 1.986953903033596E-01 1.986983150765456E-01
5 1.769167172193587E-01 1.769194746142105E-01 1.769304797773686E-01
6 1.521091201448342E-01 1.521079798713679E-01 1.521226806009724E-01
7 1.280877936243780E-01 1.280840572103001E-01 1.281014722995577E-01
8 1.066425843117203E-01 1.066373650251528E-01 1.066543008345553E-01
9 8.840984264532223E-02 8.840398715949283E-02 8.841922548614718E-02
10 7.340612615570510E-02 7.340022289301923E-02 7.341480143605769E-02

The marked improvement over the standard BBDF approach shows that the proposed method is
able to resolve both fast transient dynamics and slower disease–related responses more effectively
in the coupled systems. As stiffness increases due to parameter variations governingmetabolic re-
sponse and disease progression, conventional solvers typically require smaller step sizes or tighter
tolerances to preserve stability. In contrast, the proposed method maintains stable and accurate
solutions across all tested regimes, highlighting its effectiveness in handling the coexistence of fast
metabolic processes and slow pathological dynamics. In addition, the observed reduction in func-
tion evaluations confirms the computational efficiency gained from the singly diagonally implicit
block structure.

The results in Tables 4(c) and 5(c) further confirm the accuracy and efficiency of the proposed
ρ−SDIBBDF(2)method. For bothModel A andModel B, reducing the step size h leads to a consis-
tent decrease in the maximum error, in agreement with the RMSE trends reported earlier. Across
all tested step sizes, the proposedmethod yields smaller maximum errors than the BBDFmethod,
indicating improved local error control for stiff dynamics. Although both methods use the same
number of steps, the proposed method requires significantly less execution time, particularly for
finer step sizes. These results reinforce that the singly diagonally implicit block structure enables
an efficient balance between accuracy and computational cost for stiff diabetes models.

Tables 6(a) and 6(b) present the results obtained from five numerical methods in [5], includ-
ing ode15s, compared against the true values. By calculating the errors for ρ−SDIBBDF(2) and
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Table 7(e): Approximate solutions of P (t) for Model C

t
Approximate Solutions

ρ−SDIBBDF(2) BBDF ode15s
0 0 0 0
1 2.369674134450154E-02 2.369138200167566E-02 2.368768583054473E-02
2 7.539483372977143E-02 7.539155726101222E-02 7.538313008940964E-02
3 1.360078531771421E-01 1.360088243657533E-01 1.359925013203424E-01
4 1.954277535836592E-01 1.954327519627004E-01 1.954118749401809E-01
5 2.488413889041969E-01 2.488493206642614E-01 2.488260886229285E-01
6 2.944534086415827E-01 2.944630415767734E-01 2.944402251891216E-01
7 3.321018916002407E-01 3.321121691004696E-01 3.320902987894054E-01
8 3.624350941413294E-01 3.624452326201085E-01 3.624260233048476E-01
9 3.864365977024629E-01 3.864460815940736E-01 3.864299288909396E-01
10 4.051568916870104E-01 4.051719999137509E-01 4.051582865370054E-01

the other comparison methods, the accuracy of the proposed method can be evaluated. These ta-
bles summarize the computed values of C(t) andN(t) over a five–year period using the methods:
ρ−SDIBBDF(2), ode15s, Explicit Euler, Implicit Euler, Heun’smethod, AM(4) andRK(4). Follow-
ing AlShurbaji et al. [5], the years 5, 10, 15 and 20were selected for analysis, as significant changes
were observed primarily at these intervals. The results clearly indicate that the ρ−SDIBBDF(2)
method achieves high efficiency with minimal error percentages compared to the other numeri-
cal methods, with the exception of RK(4). Despite being a lower–order method, ρ−SDIBBDF(2)
demonstrated performance comparable to that of higher–order methods, including RK(4).

The L−stable nature of the proposed method explains its robust performance for highly stiff
regimes, where fast transient components are strongly damped. In contrast, ode15s requires sig-
nificantly tighter tolerance settings to maintain convergence under the same conditions, leading
to increased computational cost.

(a) Graph profiles for C(t) (b) Graph profiles forN(t)

Figure 8: Solution curves of ρ−SDIBBDF(2) for Model A

1158



N. S. Sunwandi et al. Malaysian J. Math. Sci. 20(3): 1137–1164(2026) 1137 - 1164

(a) Graph profiles for C(t) (b) Graph profiles forN(t)

Figure 9: Solution curves of ρ−SDIBBDF(2) for Model B

Figures 8, 9 and 10 illustrate the temporal evolution of key state variables in the considered
diabetes models under varying parameter settings. The smooth and non–oscillatory solution pro-
files produced by the proposed method reflect its strong stability properties, which are essential
for accurately resolving stiff dynamics. Variations in model parameters governing insulin sensi-
tivity, glucose uptake and complication progression directly influence the rate at which the sys-
tem approaches equilibrium. Faster transient responses correspond to rapid metabolic processes,
whereas slower trends represent long–term disease progression. These behaviours are consistent
with physiological expectations and confirm that the numerical solutions preserve the underlying
physical structure of the models. The ability of the proposed method to capture both short–term
metabolic changes and long–term pathological effects without numerical instability further vali-
dates its suitability for realistic diabetes simulations.

Moreover, the results reveal that ρ−SDIBBDF(2) method effectively handles stiff equations, as
evident in the close correlation of solution curves shown in Figures 8, 9 and 10. This correlation
highlights the proposed method’s capability in solving real–world dynamic systems modelled by
ODEs efficiently.

In real–world applications, diabetes models are used to analyze disease progression, evaluate
intervention strategies and support public health decision–making. Accurate numerical simula-
tion is critical, as long–term predictions are sensitive to numerical instability and accumulated
error. The proposed ρ−SDIBBDF(2) method provides a reliable computational tool for simulat-
ing suchmodels over extended time horizons, making it suitable for studying intervention effects,
complication risks and policy–level scenarios.

Overall, the combinednumerical andphysical analysis demonstrates that the proposedmethod
not only achieves high numerical accuracy and efficiency but also preserves the qualitative behav-
ior of diabetes models, thereby providing meaningful insights into real–world disease dynamics.

It should be noted that the present study is purely model–based and does not use clinical or
population–level datasets. Consequently, issues related to population representativeness and po-
tential biases in prescribing patterns do not directly affect the numerical results reported in this
work. Such issues become relevantwhen diabetesmodels are calibrated or personalized using real
clinical data. In future work, when applying the proposed numerical method to data–driven or
personalized diabetes modelling, appropriate strategies such as stratified data selection, parame-
ter calibration across diverse cohorts and sensitivity analysis will be required to mitigate potential
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(a) Graph for S(t) (b) Graph forA(t)

(c) Graph for T (t) (d) Graph for L(t)

(e) Graph for P (t)

Figure 10: Solution curves of ρ−SDIBBDF(2) for Model C
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biases and to ensure reliable and general predictions.

6 Conclusion

In conclusion, this research successfully employed the ρ−SDIBBDF(2) method to analyze the
dynamics of diabetesmellitus. By leveraging advanced numerical techniques, the study examined
the progression of diabetes, its complications and the impact of lifestyle interventions within var-
ious mathematical frameworks. The ρ−SDIBBDF(2) method demonstrated strong potential for
efficiently solving ODE models. The approximate solutions generated were highly accurate and
closely aligned with those produced by MATLAB’s ode15s solver, confirming both the accuracy
and stability of the proposed method in addressing complex, real–world systems.

From a physical perspective, the ability of the proposed ρ−SDIBBDF(2) method to main-
tain stability and accuracy over long time intervals is essential for modelling diabetes progres-
sion, where slow cumulative effects coexist with rapid metabolic changes. The numerical results
demonstrate that the method can reliably capture these multiscale dynamics without artificial os-
cillations or loss of accuracy, supporting its applicability to realistic disease modelling and long–
term simulation studies.

Despite the promising numerical performance demonstrated in this study, calibrating diabetes
models of this complexity using real–world data remains a significant challenge. Key issues in-
clude parameter identifiability, inter-patient variability, limited availability of long–term clinical
data and noise in measurement processes. Future researchmay address these challenges by incor-
porating systematic parameter estimation techniques such as nonlinear least squares optimization
or Bayesian inference frameworks. In addition, coupling the proposed numerical method with
sensitivity analysis and optimization-based calibration strategies may further enhance model re-
liability and predictive capability when applied to real clinical datasets.

Although the present study focuses on adult diabetes models and does not explicitly incorpo-
rate pediatric data or comorbid disease conditions, the proposed numerical framework remains
broadly applicable. Themodels considered are parameter–based, and their structure allows adap-
tation to different population groups through appropriate parameter recalibration rather than
fundamental model redesign. Moreover, the numerical method developed in this work is model–
independent and can be readily extended to pediatric diabetes models or systems involving ad-
ditional diseases when suitable data and formulations become available. As such, the absence
of pediatric–specific data does not limit the general applicability of the proposed approach but
instead highlights a natural direction for future extensions.

Overall, this study contributes valuable insights to the growing field of computational health
sciences by strengthening the connection betweenmathematicalmodelling andpractical diabetes–
related health challenges and it provides a solid foundation for future research aimed at improving
disease management strategies.
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